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1. Introduction

Fundametally, metric spaces, curves, surfaces and otherchuspaces are just
sets with certain structures. They all have properties unige to that kind of space
that arise from the structure. Topology is a way of combiningll of these kinds
of spaces under a general de nitionAlgebraic topology is the concept of assign-
ing algebraic objects, such as groups, to these spaces to ot more about them.

Topology is sometimes called \rubber sheet geometry,” beese regardless of
how much a space is stretched and deformed, as long as it is tmtn or pierced,
it retains the same topological properties; the surface offaotball is topologically
equivalent to that of a rugby ball, and the surface of a doughut is topologically
equivalent to that of a teacup. When two topological spacesare the same topo-
logical properties, they are known as homeomorphic. It is enof the algebraic
topologist's aims to be able to work out whether two spaces ehomeomorphic
or not.

Proving whether two spaces are homeomorphic is a case of ndia homeo-
morphism between them. Proving that two spaces are not hommorphic is more
di cult. In 1894, Jules Henri Poincae introduced the rst homotopy group, or
fundamental group. This is a group assigned to a space detened by the dif-
ferent types of closed paths, or loops, that the space has. tWfio spaces are
homeomorphic then they have isomorphic fundamental groupnd so two spaces
can be shown to be not homeomorphic by proving that they do ndtave isomor-
phic fundamental groups. Furthermore, because the space® deing described
using groups, topologists have all the tools of group theotp work with.

In this project we will calculate the fundamental groups of arious types of
spaces, most notably a type of surface called the compactemiable surface. In

the process we will see that any compact orientable surfacehomeomorphic to
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one of a set of surfaces that should be familiar: the spherégettorus, the double
torus, and so on. We will also look at an application of algehrc topology in
another area of mathematics altogether: we will use the fuadhental group of
the circle to solve the fundamental theorem of algebra. We litart, though,

with some basic de nitions.

2. Topological Spaces

De nition. A topological space fX; T g consists of a non-empty seX to-
gether with a xed collection T of subsets ofX satisfying:

1. X and; areinT;

2. any arbitrary union of sets isT isin T;

3. any nite intesection of sets inT isinT.
T is called atopology for X, and the members ofT are called theopen sets
of the space.

We normally denote the topological spacéX; T gby just X. If T, and T, are
two topologies for a spac&X and T; T ,, then we say thatT, is ner than Ty,
and that T, is coarser than T,. If X is any set, the collection of all subsets of
is a topology onX, called the discrete topology , andfX; ;g is a topology on
X called theindiscrete or trivial topology

The de nition of a topological space also gives us a de nitio for an open set
in a topological space; as there is in general no notion of @iace in such a space,
we cannot de ne it using open balls as in metric spaces. We de continuity of
functions the same way as we do in metric spaces. Letting and Y be topolog-
ical spaces, a functiorf : X ! Y is continuous if for each open setU of Y,
the setf 1(U) is an open set ofX .

A subsetV of a topolgical spaceX is calledclosed if X V is open. Both;
and X are closed, as are nite unions and arbitrary intersectionsf closed sets.
The de nition of a continuous function can be rewritten as abve but with the
word \closed" substituted for the word \open".

As the de nition for a topolgical space is so general, it is wurprising that
we can compare and link di erent topological spaces. In theame way that we
link algebraic objects like groups with the idea of an isomphism, we can link
topological spaces using the idea of a homeomorphism.
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De nition. Let X andY be two topological spaces, and et : X ! Y be a
bijection. If f andf ! are both continuous, thenf is a homeomorphism be-
tweenX andY. We say thatX andY arehomeomorphic , and we writeX =Y.

Another way of thinking about this de nition is by saying that a homeomor-
phism is a bijective correspondence : X ! Y such that for a subsetU of X,
the setf (U) is open if and only ifU is open. Two topological spaces which are
homeomorphic share the same topolgical structure.

The Basis of a Topology

It is sometimes easier to de ne a topology for a space in terms of a basis; a
collection B of subsets ofX satisfying:

1. for eachx 2 X there is at least one basis eleme@ containing x;

2. if x 2 B1\ B,, then there existsB; such thatx 2 B; and B; B\ Bo.

The open sets of the topologyr generated byB are all the setsU such that for
each elemenix in U there exists a basis elemerB 2 B with x 2 B andB  U.
This consists of all the sets oB together with all unions of such sets. It is easy
to check this is a topology:

(1) The empty setisinT as it satis es the conditions for openness vacuously,
and X is in T since for eachx in X there is some basis element iX

containing X.
(2) Let [
U= U,
2]
where U is an element ofT for all in some indexing set). Given

x 2 U, there is someU containing X, and so there exists a basis element
B satisfyingx2 B U . Thereforex2 B U, and soU isinT.
(3) Let
U= Ul\ Us;

whereU; and U, are elements off . Givenx 2 U, there are basis elements
B, and B, satisfyingx 2 By U; andx 2 B, B,, and so there exists
a basis elemenB; satisfyingx 2 Bs B;\ B,. Thereforex 2 B; U,
and soU is in T. It follows by induction that any nite intersection of
elements ofT isinT.

ThereforeT is a topology forX.

Compact Orientable Surfaces



Some examples of topological space are the surfaces of thieesp, the torus,
the double torus, and so on, as shown in Figure 1. These are Gk cases of
n-dimensional constructions callednanifolds , which we can de ne in terms of
some properties of topological spaces:

De nition. A separation of a topological spaceX is a pair U;V of disjoint
non-empty open subsets oK such that X = U[ V. The spaceX is called
connected if there does not exist a separation oX .

De nition. A cover of a spaceX is a collection of subset§U; :j 2 Jg of X,
whereJ is some indexing set, such thaX is in the union of all the setsy;. It is
called anopen cover if U; is open for allj 2 J, and it is called a nite cover

if J is nite. A topological space X is compact if every open cover oiX has a
nite subcover.

De nition. A topological spaceX is a Hausdor space if, for every pair of
distinct points x andy in X, there exist open setdJ; containing x and U, con-
taining y such that U;\ U, = ;.

De nition.  An n-dimensional manifold or n-manifold is a Hausdor space
in which each point has an open neighbourhood homeomorpha@adn open subset
of R". A compact connected 2-manifold is called eompact surface . Compact
surfaces which do not contain mebius strips are callecbmpact orientable sur-
faces.

Theorem. The Classi cation Theorem of Surfaces.

If we denote the spher&? by o, the torus T? by 4, the double torus by , and
the n-holed torus by ,, then any compact orientable surface is homeomorphic to
precisely one of the surfacesy, for a non-negative integerk.

We call k the surface'sgenus. The proof of this theorem is in two parts: to
show that any compact orientable surface is homeomorphic &t least one of ,
and to show that two surfaces  and | for k 6 | are not homeomorphic. We
shall not prove the former part { an outline of the proof can bedound in [2] {
but we shall prove the latter part later on. The theorem is paicularly useful
because, as we shall discover later, it is very easy to nd tHandamental group
of  for any k.



Figure 1

3. Creating New Spaces

There are several ways of constructing topological spacesing what we know
about other spaces. This means that we can de ne a large nunxd complicated
spaces just using simple spaces, such as the pl&tgor example. The rst two of
these methods we will look at, the product topology and the s&ispace topology,
are quite intuitive. We will then look at the quotient topology, which will prove
very useful when we go on to nd the fundamental groups of comapt orientable
surfaces.

The Product Topology
Let X andY be topological spaces. LeB be the collection of sets of the form
U V whereU is an open subset oK and V is an open subset of¥. Then we

claim that B is a basis for a topology orX Y.
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The rst condition for B to be a basis is trivial, sinceX Y is itself a basis
element. Now, for basis elements; V; andU, V,,

(U]_ Vl) \ (U2 Vz) = ( U]_\ Uz) (V]_\ Vz):

The setsU; \ U, and V;\ V, are open inX and Y respectively, soJ; Vi) \
(U V,) is a basis element. Therefore the second condition holds.

The topology onX Y generated by this basis is called thproduct topol-
ogy. An example of a space with the product topology is the torug?, which
can be created by taking the product of two circlesS* St.

The Subspace Topology

If X is a topological space with topologyl, and Y is a subset ofX, then
Ty =fY\ U:U2Tgis atopolgy onY, called the subspace topology .

It is easy to see thatTy is a topology: it contains; and Y, since; = Y \;
andY = Y\ X, and it is closed under nite intersections and arbitrary umons,
since I

\n \n '
(U\Y)= u \Y
=1 =1
for some integem and

[
(U\Y)= Uu \v
2] 2J

for some indexing set.

Note that if Y is open inX, then all open sets inY are also open sets iiX.
If T is de ned in terms of a basis, then this lemma, proved in [4]an be used:

Lemma. If B is a basis forT on X, thenBy = fB\ Y : B 2 Bg is a basis for
Ty onY.

The Quotient Topology

Imagine taking a length of wire and bending it round until thetwo ends meet
so that you get a circular ring. With one simple movement you &ve turned one
space into a completely di erent one. If we think of the wire a the closed interval
[0; 1] and the ring asS?, then there is a functionf : [0;1]!  S! which de nes
this change:

f(t)=(cos2t; sin2t):
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For a slightly more complicated example, imagine taking a otéangular piece of
card and identifying two opposite edges. You get a cylindaif you now identify
the other two edges you end up with a torus. Again we can de néhis creation
of a new space with a function. Let

X =f(u;v)2R?>:06 u6 1,06 v6 1g
be a unit square and
Y =f(xy;z) 2 R : (X2 + y)z 22+ z2=1g
be a torus. Then we candend : X ! Y by

f(u;v)=((cos2u +2)cos2v; (cos2u +2)sin2v; sin2u):

It is easy to imagine that we can de ne a topology for a new spad’ in terms
of a topology for an original spaceX and a surjective functionf : X I Y, and
indeed we can.

De nition. Let X andY be topolgical spaces and lett : X ! Y be a surjec-
tive map. The mapf is said to be aquotient map provided a subsetU of Y is
open inY if and only if p 1(U) is open inX . There is exactly one topology on
Y relative to which f is a quotient map, and it is called thequotient topology
onY determined byf .

To check this ts the de nition of a topology, we can see that andY are open
sincef 1(;)=; andf %(Y)= X, and for open setdJ of Y, we can see that

\n
U
=1
is open for some integen since
\n n
i u)y= fXU)
=1 =1
and [
U

2]
is open for some indexing set since \
f i U)= f YU):

2] 2]
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We draw the fact that we wish to identify sides of a space withabeled arrows
as in Figure 2, which also shows some more examples. Noticattive do not
need to con ne ourselves to spaces that we can visualise wijtieces of wire and
card.

2
a
by v b
a a
Torus Sphere
Figure 2

It is not obvious that the torus T2 created in this way is homeomorphic to
the product spaceS! S?, especially as, if we call the torus with the quotient
topology X and the torus with the product topology Y, then X is a subspace of
R3 and Y is a subspace oR*. The functionf : X ! Y given by

f(u;v) =((cos2 u; sin2u);(cos2v; sin2v))
is @ homeomorphism; we will leave it to the reader to check thi

We can generalise the de nition of the quotient topology asoflows:

LetY beasetfX : 2 gbe an arbitrary family of topological spaces, and
ff :X I Y : 2 gbean arbitrary family of maps. Then asety Y is
open if and only iff (U)is openinX forall 2 .

Using this generalisation we can see that it is possible toeate a new topologi-
cal space not only by deforming existing ones but by “stickghtwo or more spaces
together. If each of the above map$ : X ! Y is one-one and the images
f (X ) are pairwise disjoint and covery, then we say thatY is the topological
sum of the collection of spaceX .

Example. Consider the spaces in Figure 3. Identifying the sides laleela, b, ¢

and d gives us two tori, each with an open disc removed. Taking th@pological
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sum of the tori by identifying the sides labelece gives us a double torus.

2 <
b\ e v b dv e v d
2 G
Figure 3

However, we can actually de ne the double torus in the quotré topology us-
ing a single polygon. Opening up the squares to give pentagorand identi ng
the sidese gives an octagon as in Figure 4.

Figure 4

Similar constructions show that ann-holed torus can be created from amt
sided polygon, with the side identi cation labels being oftie form

aba, b t:a ba, th
9



4. Homotopy

Homotopy is the concept of continuous transformations frorone function to
another, and is main part of the construction of the fundameal group.

De nition.  Consider two continuous mapg; and f, from the spaceX to the
spaceY such that, letting | equal the interval [Q 1], there is a continuous map
F:X 11 Y with F(x;0) = fi(x) and F(x; 1) = f»(x), for all x in X. We
can think of F as a deformation of the mag ; into the map f, as time goes from
0 to 1. If such a map exists, then we say that, is homotopic to f,, written
f," f,, and that F is ahomotopy between them.

Example. Any two maps f; and f, from a space X toR? are homotopic. The
homotopy between them given by the equation

FOGt) =1 t)f1(x) + tf2(x)
is called the straight line homotopy.

We can show that homotopy is an equivalence relation as fos.

Re exive: Itis trivialthat f ' f for all f. The required homotopy is the map
F(x;t) = f(x) for all t.

Symmetric: Let f; ' f,, and let F be a homotopy between them. Then
G(x;t) = F(x;1 t)is a homotopy betweenf, and f,, and sof,"' f;.
Transitive: Supposef,; ' f, andf, ' f3, and let F; and F, be a homotopy
betweenf, and f, and a homotopy betweerf, and f3 respectively. DeneG :
X 1! Yhy

o Fax2t) f1210;]
G(x;t) = Fo(x;2t 1) ift2[4;1

Since, whent = 1,
Fi(x;2t) = Fi(x; 1) = fo(x) = Fa(x;0) = Fo(x; 2t 1),
the map G is well de ned. It is continuous by the following lemma:

Lemma. The Pasting Lemma.
Let X = A[ B whereA andB are closed inX. Letf :A! Y andg:B! Y
be continuous. Iff (x) = g(x) for all x 2 A\ B, then the functionh: X ! Y

de ned by
10



f(x) ifs2A

= 4% ifs2B

iS continuous.

The proof of this lemma is in [4]. This shows thats is a homotopy betweerf ;
and f3, and sof;"' fas.

De nition. A continuous mapf : X ! Y is called ahomotopy equivalence

if there is a continuous mapg : Y ! X such thatg f is homotopic to the
identity map ex of X andf g is homotopic to the identity mapey of Y. The
map g is called ahomotopy inverse for f. If there is a homotopy equivalence
between two spaces, those spaces are said tohoenotopically equivalent , or
of the samehomotopy type

Homeomorphic spaces are of the same homotopy type, but thengerse is not
true.

Homotopy of Paths

De nition. Again let | = [0;1]. Iff : I ! X is a continuous map such
that f (0) = Xxo and f (1) = Xx;, we sayf is apath in X from X, to x;. Two

such pathsf, and f, are calledpath-homotopic if there is a continuous map
F:1 11! X such that

F(s;0) = fi(s); F(s;1) = fy(s) forall s2 I;

F(O;t) = Xo; F(1;t)= x, forallt2 1;

that is, they are homotopic and they keep the same initial andnal points
throughout the deformation. The mapF is called apath-homotopy between
f, andf,, and we writef, "' , 5.

Like homotopy, path-homotopy is an equivalence relation; evleave it to the
reader to show this. We denote the path-homotopy equivaleaclass of a pathf

by [f].

The path-homotopy classes satisfy properties that look wermuch like the
axioms for a group. Before we show this we need to de ne tlo®ncatenation
of two paths. If f is a path in X from X, to X; and g is a path in X from x; to

X2, then the concatenationf g off and gis de ned as the pathh given by
11



£ (2s) if s2[0; 3]
"= g2s 1) ifs2 i 1

Since . L
f(2 §)= f (1) = x1=9(0) = 9(2 > 1);

the function h is well de ned, and it is continuous by the Pasting Lemma.

We can also show that is well de ned on path-homotopy classes: Ieff be
a path-homotopy between mapg$, and f, from xo to x,, and let G be a path-
homotopy between mapsg; and g, from x; and x,. De ne

F (2s;1) if s2[0;1]
G@2s 1Lt) ifs2[31]
The function H is a path-homotopy betweerf; g, andf, @,. SinceF(1;t) =

X1 = G(0;t) for all t, the map H is well-de ned, and it is continuous again by
the Pasting Lemma. We can therefore de ne

[f1 [ol=[f gl

H(s;1) =

Theorem. The path-homotopy classes have the following group-likeparties,
called thegroupoid properties

(1) Associativity.
If [f] ([g] [h]) is de ned, then so is([f] [g]) [h], and they are equal.

(2) Right and left identities.
Givenx 2 X, letc,: 1 ! X be the constant path taking all of to the
point x. If f is a path in X from X, to x4, then

[f] [el=[fland[c,] [f]1=[f]

(3) Inverses.
Given the pathf in X from X, to X;, let f be the pathf (s) = f (1 s),
called thereverse of f. Then

[f] [fl=lceland[f] [f]=T[cql:

Proof.
12



(1) We need to show thatf (g h)' ,(f g) h. Themapf (g h) takes
the point s to f (2s) for s in the interval [O; %], takessto g(4s 2) fors
in [2; 2], and takess to h(4s 3) forsin [2;1]. Themap § g) h traces
out the same image but at a di erent rate. It takess to f (4s) for s in
[0; 2], takess to g(4s 1) for s in [; 1], and takess to h(2s 1) for s

in [%;1]. We can de ne a path homotopyF :1 | ! X between these
maps by 8
> (2s(1 + 1)) if 52 [0:2!]
F(s):>g(4s+t 2) if s2 [ 3!

“h(@ 2t)s+2t 3) ifs2[L1)

We will leave it to the reader to check thatF is well de ned and that it
satis es the necessary conditions for it to be our requiredgph homotopy.

(2) We need to show thatf ¢, ' , f. The mapf ¢, takes the interval
[0; 7] onto the image off and the interval [; 1] onto the point x;, and so

we can de ne a path h(omotopyG 1t X fromf ¢, tof by
f(2 t)s) ifs2]0; !
Gn= (@ D9 Hs2005Y
X1 if s2 [ 1]

Again, we will leave it to the reader to check thatG is well de ned and
is the desired path homotopy. We can similarly prove that,, f ' ,f.

(3) We nally need to show thatf f ' ,c,. The mapf f takes the point
s to f (2s) for s in the interval [0; 1], and takess to f (2(1 s)) for s in
[%; 1]. The mapc,, takes the whole ofl to f (0). Therefore we can de ne
a path homotopyH :1 1 ! X between the maps by

f (2st) if s2[0;%]
fta s) ifs2[31]

The reader can check that this is the required well de ned pathomotopy.
A similar argument shows thatf f ' ;.

H(s;t) =

These properties di er from the axioms for a group in thatfi] [g] is not de-
ned for every pair [f] and [g]. The concatenation f] [g] only makes sense if
f (1) = g(0). However, if we take a base poinkg in the spaceX and consider
only those paths which areloops from xo back to xq, then this condition will
always hold. Therefore these paths will form a group, and isithis that is the
fundamental group of X. We denote the fundamental group oX relative to
the base pointxg by 1(X;Xo).

13



5. The Fundamental Group

We often talk about the fundamental group of a space without wing at-
tention to the base point relative to which it has been calcalted. The following
theorem shows how fundamental groups of a space relative ticetlent base points
are related.

Theorem. Let X be a path connected space, that is, every pair of points)Xnhcan
be connected by a path iX. Given two pointsxy and x; in X, the fundamental
group 1(X;Xg) is isomorphic to 1(X;X1).

Proof. We dene amap ~: 1(X;Xo) ! 1(X;x 1) by
MED=0 1 [F1 [

where is a path fromxg to x;, and is its reverse, as pictured in Figure 5. We
can now show that "is a group isomorphism:

It is @ homomorphism since

~IED Meh=C 1 10D @1 @ [D
=01 [f] [a T[]
=~(f] [9D):

X

Figure 5
Let = . Then

"ED=01 K1 [1=01 (1 []:
14



and so

AT =0T T F1 LD [I=IfE

Similarly, A("([f 1) =[f]. This shows that “is an inverse for » Therefore "is
an isomorphism.

We call a path connected spac& for which 1(X;Xy) is the trivial group for
somexg (and therefore allx 2 X)) simply connected . We can denote the fact
that 1(X;Xp) is the trivial group by writing 1(X;Xo) = e

Example. We can show that the fundamental group oR" is trivial: if f : 1 !
R" is a loop inR" based atxg, then the straight line homotopy

F(s;t) = txog+(1 t)f(s)

is a path-homotopy betweerf and the constant loopc,,. More generally, ifX is

any convex subset oR", then the straight line homotopy will still work, as the

straight line segment between any two points irX is in X. Therefore, a convex
subspace oR" is simply connected.

Group Presentation

It is sometimes useful to express the fundamental group of pace usinggroup
presentation . Consider a setS. A word in the elements ofS is an expression
of the form

W = X'X5 10X
where X1; Xo; ;1 1; Xk are elements ofS (allowing repeats) and ; = 1. We also
de ne the empty word as the word containing no symbols. If a wd contains
xx 1 orx 1x for somex 2 S, then it can bereduced by removing that pair of
elements from it.

Using juxtaposition of words as composition, and reducindhe resulting words
if necessary, it turns out that the setG of all reduced words in the elements of
S forms a group, with the empty word as the identity, called thefree group
generated by S. For example, the free group on one generatbxg consists of
the elements

Ix;x “;XoxX SixX%x °riiin
and is isomorphic to ¢; +).

Say we now wanted to write down the cyclic group4,;+) using generators.

This is also generated by the element, but we need to express the fact that
15



x" =1. This is called arelation , and we can write the group as

b jx" =1i:
Any group can be written in group presentation style a$G j Ri, whereG is a
set of generators an®R is a set of relations.

Example. The group hx;y j xyx y ! = 1i is isomorphic to Z;+) (Z;+),
more properly written asZ Z. The generatorsx andy represent the elements
(1;0) and (G; 1) respectively, with the empty word representing (00).

The Homomorphism Induced by h

Suppose a functionh from a spaceX to a spaceY is continuous, and that
h(xo) = Yo, Wherexp 2 X andyy 2 Y. We can write this ash : (X;Xg) !

(Y;y). Iff 211 XisaloopinX based atxg,thenh f :1 ! YisaloopinY
based aty,. We can therefore de ne a homomorphisrh : 1(X;Xg) ! 1(Y; o)
by

h({f)=[h fI

This is called thehomomorphism induced by h. It is well de ned since if
f, and f, are path homotopic, andF :1 | I X is a path homotopy between
them, thenh F is a path homotopy between the loopd f; andh f,.

To checkh is a homomorphism, we need to show that

h (f] [gh=h{fD) b (gD:

This is easy. By de nition,

f (2s if s2[0;1
(- 9(s)= g((Zs) 1) ifs2 {%;1]];

and so

h(f (2s)) if s2[0;1]
h(g2s 1)) ifs2[3;1]
But this also equals (b f) (h g))(s). Therefore

h (& 9l=[(h f) (h gI=[(h )] [(h g

(h (f 9)(s)=h((f 9)(9)=

and so

h(f] [gh=h D) h((gD:

16



Theorem. The induced homomorphism has the following properties, leal the
functorial properties

@ HFh:(X;xo) ! (Y;w) andk: (Y;vw) !  (Z;z0),then(k h) =k h.

(2) If e: (X;x0) ! (X;Xp) is the identity map, thene : 1(X;Xp) !
1(X; X ) is the identity homomorphism.

Proof. By de nition,
(k h)y [fD=0k h) f]
and
(k h)[ED=kM D) =k({h f)=[k (h )
andsok h) =k h.

Also, e ([F)=[i f]=[f]:

From these properties, we can prove a very important resultf h : (X;x) !
(Y; yo) is @ homeomorphism oKX with Y, andk : (Y;y) ! (X;Xo) Is its inverse,
thenk h =(k h) =(ex), whereex is the identity map of (X;X,), and
h k =(h k) =(ey), whereey is the identity map of (Y;y). Since ()
and (ey) are the identity homomorphisms of (X; X ) and 1(Y; Yo) respectively,
k is the inverse oth . Thereforeh is anisomorphism of 1(X;x o) with  1(Y; o).

This shows that homeomorphic topological spaces have isaiploic fundamen-
tal groups. It is also possible to show that homotopically edvalent spaces have
isomorphic fundamental groups, though the proof of this is ath more compli-
cated. See [4].

6. Calculating the Fundamental Group

We can now begin calculating some fundamental groups. Theage various
di erent methods. The rst fundamental group we will nd is t hat of the circle.
To do this, we need to introduce the concepts of covering speacand liftings.

Covering Spaces, Liftings and the Fundamental Group of the C ircle

Imagine a continuous surjective map: E ! B such that for an open setU
of B, the preimagep 1(U) takes the form of a collection of disjoint open set¥
in E, and the restriction ofpto V is a homeomorphism o/ onto U. The open
setU is said to beevenly covered by p. An easy to visualise example is shown

in Figure 6. Think of p 1(U) as a stack of pancakes, each having the same size
17



and shape adJ, with p squashing them all down ontdJ.

p 1)

Figure 6

If every point in B has a neighbourhoodJ that is evenly covered byp, then p
is called acovering map , and B is called acovering space of E.

Example. We have seen that we can giv8! the quotient topology determined
by the function f : [0;1]!  S? given by

f(x) =(cos2x; sin2x);

so that for every open seU in S, the preimagef (U) is an open set in [01],

starting at the point g, say. Ifp: R! S!is the extention off to the whole of
the real line, thenp (V) is a collection of open sets, starting ag, + n, for all

integersn. ThereforeU is evenly covered byp, and sop is a covering map. We
can think of p as a function which wraps the real line around the circle, mgmng

each interval [n,n+1] onto S*.

Now letp:E! B beamapandf : X ! B be continuous. Alifting of f
isamapf:X ! E suchthatp f = f,as shown in Figure 7.

18



Figure 7

The following two lemmas are proved in [4].

Lemma. The Path Lifting Lemma.
letp: E ! B be a covering map, ang(e) = kp. Any path f : 1 !
beginning atly has a unique lifting to a pathf~in E beginning atey.

Example. Letp:R! S! be the covering mapp(x) = (cos2 x; sin2x).
The pathf :1 ! St given byf (s)=(cos s; sin s) lifts to fs) = ;

The pathg:1 ! S'given byg(s)=(cos s; sin s) lifts to g(s) = 75
The pathh:1 ! S!given byf (s) =(cos4s; sin4s) lifts to A(s) =2s.

The rst of these examples is shown in Figure 8.

R
-1 0 1 2
N
~
Sl
I f
Figure 8
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Lemma. The Homotopy Lifting Lemma.

If p: E ! B is a covering map withp(ey) = by, and F : | | ! B is
continuous with F (0; 0) = ky, then there is a unique lifting ofF to a continuous
mapF :1 | ! E such thatF(0;0) = e. If F is a path-homotopy between

pathsf, andf,, then their liftings f7 and f end at the same point oE, and are
path homotopic.

We can now calculate the fundamental group of the circle. L&aat Figure 9.
The function f is a loop based aty, which is the point (1;0), and f~is a lifting of
f to the real line. The function p is the covering mapp(x) = (cos2 x; sin2x ).
The point f{1) is in the setfz : z = p (y)g, which equals the set of integers.
By the Homotopy Lifting Lemma, f{1) depends only onf{], so we can de ne
1(Sh) ! Z by

C([f]) = ()
] ] ] ] R
-1 0 1 2
_ Y

f
/ S
I f ®

Figure 9

We can show that' is a homomorphism between 1(S*; k) and (Z; +):

Let f and g be two loops inS* based athy, with f~and g their liftings to paths
in R beginning at 0. Letf{1)= nandg(l)= m. Dene h:1 ! R by

f(2s) if s2[0;1]
n+g@2s 1) ifs2][31]

Then h is a path onR beginning at 0. Nowp(n + x) = p(x) for all x, so
20
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p(f(2s)) = f (2s) if s2[0;1]
pn+g@2s 1))=p(e@2s 1)=g9@2s 1) ifs2][31]
Thereforep h=1f g, sohis the lifting of f g beginning at 0. By de nition,

"(If g) = h(1)=n+m,so" ([f g))="(f])+ ' (g]). Therefore' is a
homomorphism.

p(h(s)) =

Also ' is bijective:

Say' ([f]) = n="(q]). Let fand g be the liftings of f and g to paths on
R beginning at 0 and ending an. The real line is simply connected, s6”and &
are path-homotopic. LetF be the path-homotopy between them. Then the map
F = p F is a path homotopy betweerf and g, and so { ] =[g]. Therefore' is
one-one.

For any integer n, there exists a loopf in S! based athy dened by f = p -
wheref™: 1 !  RisapathinR from 0ton. Byde nition, ' ([f]) = n. Therefore
' is onto.

We have now done all the work necessary to calculate the fundantal group
of the circle, for' is a bijective homomorphism, and therefore an isomorphism.
This shows that 1(S*; ky) is isomorphic to (Z; +), and so the fundamental group
of St is in nite cyclic. Written in group presentation style,

1(S'; ) = hai;
where a if the homotopy class of the lood :1 | S given by

f(s)=(cos2s; sin2s):

The Fundamental Group of a Product Space

Theorem. The fundamental group 1(X Y;(Xo; Yo)) is isomorphicto 1(X;Xg)
1(Y; o).

Proof. Letp: X Y ! X andqg:X Y ! Y bethe projection mappings, and

p 1 (X Yi(Xo;Yo)) ! 1(X;Xo) and g : (X Y;(Xo;Yo)) ! 1(Y o)
be their induced homomorphisms. From group theory, ih : C ! A and
k:C! B are group homomorphisms, then :C! A B given by

( ©) =(h(c); k(c))
21



is also a group homomorphism, so we can de ne a homomorphism: (X
Y;(Xo; o)) ! 1(X;x0)  1(Y;¥0) by

CfD=Cp @ED;a@DN==0p fla f]:

We can show that is bijective:

Letf :1 ! X Y bealoopinX Y based at o;Yyo) suchthatp f ' ,c,
andgq f ', c,, Wherec,, is the trivial loop in X based atxy and ¢, is the
trivial loop in Y based aty,. LetG:1 | ! X andH :I | ! Y bethe
respective path-homotopies. Ther- :1 |1 ! X Y dened by

F(s;t) = (G(s;1); H(s;1))

is a path-homotopy betweenf and the trivial loop in X Y based at &o; Yo).
Therefore the kernel of is trivial, and so is one-one.

Letg:1 ! X bealoopinX based atxoandh:1 ! Y bealoopinY
based aty,. Denef : 1 ! X Y byf(s)=(g(s);h(s)), sof is a loop in

X Y based at &o;Yo). Now ([ f])=([p f];[a f])=([gd][h]), and so (b]; [h])
is in the image of , showing that is onto.

Therefore is an isomorphism between 1(X  Y;(Xo;Y0)) and 1(X;Xo)
1(Y: Yo)-

Example. The Torus.
We can use this method to calculate the fundamental group ohé torus T2 =
St S We know that 1(S*;xg) is isomorphic to (Z;+). Therefore

1(T? (X0 ¥0)) = 1(Sh%0)  1(Shy) =2 Z;
so the fundamental group of the torus is the abelian group wittwo generators:
ha;bj aba b ! =1i:

We can generalise this argument to show that the fundamentgroup of the n-
dimensional torusT" = S ::: Slisisomorphictoz ::: Z.

Retraction and the Fundamental Group of the Punctured Plane

Let A be a subspace of a topological spage. We say that A is aretract of
X if there is a continuous mapr : X ! A such thatr(a)= aforalla2 A. We
call r aretraction of X onto A.
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If there is a continuous mapH : X | ! X such that
H(x;0) = x for all x 2 X;
H(x;1) 2 A for all x 2 X;
H(a;t)= aforalla2 A andt 2 I;

then H is called astrong deformation retraction . See Figure 10. At the
end of the deformation described by a strong deformation metction, we have a
retraction of X onto A, mapping x into H(x; 1).

X
Figure 10
Example. The mapH :(R? 0) | ! (R? 0)denedby
X
H(x;t) = t@+(1 t)x

is a strong deformation retraction ofR? 0 onto S*.

We can show that if A is a strong deformation retract ofX, then A is ho-
motopically equivalent to X. Letj : A ! X be the inclusion map, let
H:X | ! X be the strong deformation retraction and letr : X ! A
be de ned byr(x) = H(x;1). Thenr | equals the identity map ofA, andj r
is, by the de nition of a strong deformation retraction, honotopic to the identity
map of X. Thereforej is a homotopy inverse of. We can see from this thatA
and X have isomorphic fundamental groups.

Using retraction mappings, it is very easy to calculate theuhdamental group
of R> 0. We know that there is a strong deformation retraction ofR> 0
onto S?, and we have calculated the fundamental group &: it is in nite cylic.
Therefore the fundamental group of the punctured plane is inite cyclic.
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7. Seifert and Van Kampen's Theorem

Another method for calculating fundamental groups is thisheorem, which H
Seifert and E Van Kampen proved independently in the early B®s. It can be
especially useful for nding the fundamental group of a spacwith the quotient
topology.

Theorem. Seifert and Van Kampen's Theorem.

Suppose a topological spacé equalsA [ B, where A, B and A\ B are open
and A\ B is path connected. Let : A\ B! Aandj:A\ B! B be the
inclusion maps, and letxo 2 A\ B. If

1(AsXo) = hag;iian jri=1ii=ry = 1i;
1(B;Xo)= ho;:iishjsy = 0= s = 1i;
1(A\ B;Xo) = hegiiiiqgjty = = tp = 1i;
then
1(X;Xo) = hag; e byt jri=ii=rp =85 =10= 5 =
i (c)j (o) '=ii= (c)j (&) *=1i

The proof, which is quite long, can be found in [2]. Let us loo&t some exam-
ples.

Example. The Sphere.

Let X be the sphereS?, let A be the same sphere but punctured at a point;,
and let B be an open disc on the surface of the sphere aboyt Then X = A[ B,
and A and B are open. The intersectA\ B equalsB f Xx;g, which is open and
path connected. The punctured sphere is homeomorphic to apen disc, and so
A and B are both simply connected. The intersecA \ B is a punctured disc,
which is homotopically equivalent toS*. We now have, forx, 2 A\ B,

1(A;Xo) = 1(B;Xo) = €;

1(A\ B;Xxo) = hai:

fi:A\ B! Aandj:A\ B! B are the inclusion maps, then as both
A and B are simply connected, both and | are trivial. Therefore, by Seifert

and Van Kampen's Theorem, the fundamental group oX is trivial, and so the

sphere is simply connected.
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Example. The Figure Eight.

Look at Figure 11. The spaceX is the union of the open space#é and B,
and the intersectA\ B is open and path connected. The spacds and B are
homotopically equivalent to circlesS?, and A\ B is a cross, which is homotopically
equivalent to a point. Therefore, forxo 2 A\ B,

1(A;Xo) = hai;
1(B;xo) = ha;
1(A\ B;Xp) = e:

Cx D

Figure 11

Ifi:A\ B! Aandj:A\ B! B are theinclusion maps, then both and
j are trivial. Therefore, the fundamental group ofX is given by

1(X;Xo) = ha;ha:

We could add another loopC to X meeting at the same point to make a three-
leaved clover shape¥. The intersect X \ C would be trivial again, and so the
fundamental group ofY would be the free group on three generators. Similarly, a
union of n loops all meeting at the same point has the free group angenerators
as its fundamental group.

Example. The Torus.

Let X be the torus T2 with the quotient topology. Let A = X f x;g wherex;
is a point, and letB be an open disc abouk;. Then X = A[ B. The intersect
A\ B equalsB f x;g, which is path connected, andA, B and A\ B are all

open. All of these spaces are shown in Figure 12. The sp#cés homotopically
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equivalent to just the frame ofA, which is homeomorphic to a gure eight. The
spaceB is simply connected, andA \ B is homotopically equivalent toS*. We
now have, forxg 2 A\ B,

1(A;Xo) = ha; la;
1(B;Xo) = €
1(A\ B;Xxo) = hai:

Ifi:A\ B! Aandj:A\ B! B are the inclusion maps, then
i (c)= abalb?;
j (=1:
Therefore, the fundamental group of the torus is given by
1(X;Xo) = ha;bjaba b ! =1i:

In other words, it is the abelian group with two generators, Wwich is the same
answer as when we calculated it using the product topology.

We can calculate the fundamental group of any topolgical spa de ned with
the quotient topology using the same method as above. For erple, the funda-
mental group of the spaceX in Figure 13 is given by

1(X;X0) = ha;bj a 'abb'ab= 1i
= ha;bjab=1i
= hai:

We know that an n-holed torus can be made from amtsided polygon with side
identi cation labels of the form

atbha, ' tiiranbha, th Y

and so we can now write down the fundamental groups of all theidaces |, as
de ned in the Classi cation Theorem of Surfaces:

1( 0 Xo) = €;
1( 1, Xo0) = ha; bj aba'b ' =1i;
1( niXo) = hag; byt an by jagwa, b tiiagha, th, b =10 forn> 1.
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Figure 12

Theorem. The fundamental groups of the surfaces, and | are not isomorphic
for k 6 I.
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Figure 13

Proof. If G is a group, thenG abelianized is G with the added relationsxy = yx
for all x;y 2 G. We write G abelianized asAG. If we abelianize the fundamental
groups of , we get
A 1( 0;Xo0) = €
A 1( 1;%) = ha;bjabalb !=1i;

aba, b tiragbhatht=1;xyx 'y t=1i forn> 1,

aba, b t:ia e, th =1
in the third group is just a consequence of the relatioryx 'y *=1, and so we
can rewrite the group as

This shows that the abelianized fundamental group of , is the abelian group
on 2n generators, which is isomorphic t&2", for all non-negative integem. The
group Z' is not isomorphic to the groupZ! for i 6 j, and so the abelianized
fundamental groups are not isomorphic. Therefore the fund@ental groups of ,
are not isomorphic.

This proves that  is not homeomorphic to | for k 6 |, which is the part of
the Classi cation Theorem of Surfaces that we said we would@ve. Furthermore,
we now know that the fundamental group ofany compact orientable surface ,
of genusn is given by:

1( 0i%0) = €
1( 1:X%0) = ha;bjabalb ! =1i;



8. The Fundamental Theorem of Algebra

We shall nish with an application of the fundamental group. We all know
that a polynomial equation of degreen hasn complex roots, but proving this is
suprisingly di cult when only using algebra. The hardest pat is showing that a
polynomial has at least one root { the Fundamental Theorem oflgebra { but
Algebraic Topology can be used to prove this relatively quity.

Theorem. A polynomial equation
n 1l...

Xn+ ap (X" "iiitaix+a=0 Q)

of degreen > 0 (with real or complex coe cients) has at least one (real or co-
plex) root.

Proof. The theorem will be proved in several stages.
Step 1:

Consider the unit circle on the complex plane. Let :1 !  S! be the loop
'(s)=(cos2s; sin2s) = € :

Under the isomorphism of ;(S?; ky) with Z, this loop corresponds to the integer 1.

Now consider the maph : St ! St given by
h(z) = z":
Theloop =h ' :I ! Slisgiven by

(s)= h(' (s))=(€")"= & =(cos2ns; sin2ns):

This lifts to the path ~(s) = ns in the covering spaceR, so the loop corresponds
to the integer n under the isomorphism of ;(S%;ky) with Z. Therefore, the

induced homomorphismh : (S k) ! 1(St; y) takes a generator of the
in nite cyclic group to n times itself.

Step 2:

We will now show that if a functionk : S ! Y is homotopic to a constant
map (we sayk is inessential ), then k is the trivial homomorphism.
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LetP:S! | ! B? whereB?is the closed unit ball onR?, be de ned by
P(x;t)=(1 t)x:

Then P takesS' [0; 1) bijectively onto B2 0, and mapsS! f 1gto the point

0. SupposeK : St | ! Y is a homotopy betweerk and the constant mapc

which takes the whole ofS* to y, 2 Y. As K is constant on the setS! f 1g, we

candene amapg:B?! Y suchthatg P = K, as shown in Figure 14. The
map g is an extension ok, for if x 2 S, then

9(x) = g(P(x; 0)) = K(x; 0) = k(x):

BZ
P Q

st

A
L —
«©

Figure 14

Now letj : St !  B? be the inclusion map. Theng j = k. By the functorial
properties of the induced homomorphismsk = g | . But the range ofj is
the fundamental group ofB2, which is the trivial group since B2 is a convex
subset ofR?. Therefore,j is the trivial homomorphism, and sok is the trivial
homomorphism.
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Step 3:

We will now show that the equation
"+a, 2" '+t az+a=0
with
jan it jagjtjagj < 1
has a root lying in the closed unit ballB?.

Assume for a contradiction that the equation has no root if82. Then we can

deneamapg:B2! R? O0by
9(2)= 2"+ a, 12" '+ i+ az+ ag
Letf :S'! R? 0betherestriction ofgto S',anddeneF,;:S* 1! R? 0
by
Fi(z;t) = g(tz):

Then F; is a homotopy between a constant map anfd. Since by our assumption
g(z) 8 0 for all z2 B?, F; never vanishes.

NowdeneF,:S* 1! R? Oby
Fo(z;t) = 2" + (t)(an 12" '+ 111+ &gz + ao):
This is a homotopy between the majk : S; !  R? 0 de ned by
k(z) = 2"
and f, and it never vanishes because

Fa(zi0] > 2] 13 12" T4 Az a)
>1 t(ayp 12" P+ i+ jarzj + jag))
=1 t(ja, 1j * i+ jad + jag))

> 0;

Nowifh:S'! Slisgiven byh(z)= z"asin Step1,and :S'! R? 0
is the inclusion map, thenk = j h,andk = h h by the functorial proper-
ties. Sinceh is \multiplication by n" and j is an isomorphism,k is not the
trivial homomorphism, and sok is not homotopic to a constant map, by Step 2.
However, this contradicts the fact thatf , which is homotopic tok, is homotopic
to a constant map. Therefore the equation has a root iB2.

Step 4:
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Given Equation (1),

X"+ a, X" 1+ i+ ax+ a =0;
substitute x = cy, wherec is a real positive number. We get
(cy)" + ap 1(cy)" '+ i+ a(cy) + a = 0:
Dividing through by c" gives us

N4 G 1 1yn Ty —y+

c T =0: (2)

y

If we choosec large enough, we can ensure that

—a"l+:::+ & + @<1:

C 1

So, by Step 3, Equation (2) has at least one root, say= yo. But if yg is a root
of Equation (2), then xo = cyp is a root of Equation (1). Therefore our original
eguation has at least one root.
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