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1. INTRODUCTION

Fundametally, metric spaces, curves, surfaces and other such spaces are just
sets with certain structures. They all have properties unique to that kind of space
that arise from the structure. Topology is a way of combining all of these kinds
of spaces under a general definition. Algebraic topology is the concept of assign-
ing algebraic objects, such as groups, to these spaces to find out more about them.

Topology is sometimes called “rubber sheet geometry,” because regardless of
how much a space is stretched and deformed, as long as it is not torn or pierced,
it retains the same topological properties; the surface of a football is topologically
equivalent to that of a rugby ball, and the surface of a doughnut is topologically
equivalent to that of a teacup. When two topological spaces share the same topo-
logical properties, they are known as homeomorphic. It is one of the algebraic
topologist’s aims to be able to work out whether two spaces are homeomorphic
or not.

Proving whether two spaces are homeomorphic is a case of finding a homeo-
morphism between them. Proving that two spaces are not homeomorphic is more
difficult. In 1894, Jules Henri Poincaré introduced the first homotopy group, or
fundamental group. This is a group assigned to a space determined by the dif-
ferent types of closed paths, or loops, that the space has. If two spaces are
homeomorphic then they have isomorphic fundamental group, and so two spaces
can be shown to be not homeomorphic by proving that they do not have isomor-
phic fundamental groups. Furthermore, because the spaces are being described
using groups, topologists have all the tools of group theory to work with.

In this project we will calculate the fundamental groups of various types of
spaces, most notably a type of surface called the compact orientable surface. In

the process we will see that any compact orientable surface is homeomorphic to
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one of a set of surfaces that should be familiar: the sphere, the torus, the double
torus, and so on. We will also look at an application of algebraic topology in
another area of mathematics altogether: we will use the fundamental group of
the circle to solve the fundamental theorem of algebra. We will start, though,
with some basic definitions.

2. TOPOLOGICAL SPACES

Definition. A topological space {X,7} consists of a non-empty set X to-
gether with a fixed collection 7 of subsets of X satisfying:

1. X and () are in T;

2. any arbitrary union of sets is 7 is in 7;

3. any finite intesection of sets in 7 is in 7.
T is called a topology for X, and the members of 7 are called the open sets
of the space.

We normally denote the topological space {X, 7} by just X. If 7; and 7, are
two topologies for a space X and 7; C 75, then we say that 75 is finer than 7,
and that 7; is coarser than 7;. If X is any set, the collection of all subsets of X
is a topology on X, called the discrete topology, and {X, 0} is a topology on
X called the indiscrete or trivial topology.

The definition of a topological space also gives us a definition for an open set
in a topological space; as there is in general no notion of distance in such a space,
we cannot define it using open balls as in metric spaces. We define continuity of
functions the same way as we do in metric spaces. Letting X and Y be topolog-
ical spaces, a function f : X — Y is continuous if for each open set U of Y,
the set f~!(U) is an open set of X.

A subset V of a topolgical space X is called closed if X — V is open. Both ()
and X are closed, as are finite unions and arbitrary intersections of closed sets.
The definition of a continuous function can be rewritten as above but with the
word “closed” substituted for the word “open”.

As the definition for a topolgical space is so general, it is unsurprising that
we can compare and link different topological spaces. In the same way that we
link algebraic objects like groups with the idea of an isomorphism, we can link
topological spaces using the idea of a homeomorphism.
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Definition. Let X and Y be two topological spaces, and let f : X — Y be a
bijection. If f and f~! are both continuous, then f is a homeomorphism be-
tween X and Y. We say that X and Y are homeomorphic, and we write X = Y.

Another way of thinking about this definition is by saying that a homeomor-
phism is a bijective correspondence f : X — Y such that for a subset U of X,
the set f(U) is open if and only if U is open. Two topological spaces which are
homeomorphic share the same topolgical structure.

The Basis of a Topology

It is sometimes easier to define a topology for a space X in terms of a basis; a
collection B of subsets of X satisfying:

1. for each z € X there is at least one basis element B containing z;

2. if z € B; N By, then there exists Bz such that x € By and By C B; N Bs.

The open sets of the topology 7 generated by B are all the sets U such that for
each element x in U there exists a basis element B € B with x € B and B C U.
This consists of all the sets of B together with all unions of such sets. It is easy
to check this is a topology:

(1) The empty set is in 7 as it satisfies the conditions for openness vacuously,
and X is in 7 since for each x in X there is some basis element in X
containing x.

(2) Let

U=|JU..

acJ
where U, is an element of 7 for all a in some indexing set J. Given
x € U, there is some U, containing x, and so there exists a basis element
B satistfying x € B C U,,. Therefore x € B C U, and so U is in 7.
(3) Let

U = U1 N UQ,
where U; and U, are elements of 7. Given x € U, there are basis elements
By and B; satisfying z € By C Uy and x € By C B,, and so there exists
a basis element Bj satisfying x € By C By N By. Therefore x € Bs C U,
and so U is in 7. It follows by induction that any finite intersection of
elements of 7 isin 7.

Therefore 7 is a topology for X.

Compact Orientable Surfaces



Some examples of topological space are the surfaces of the sphere, the torus,
the double torus, and so on, as shown in Figure 1. These are special cases of
n-dimensional constructions called manifolds, which we can define in terms of
some properties of topological spaces:

Definition. A separation of a topological space X is a pair U,V of disjoint
non-empty open subsets of X such that X = U U V. The space X is called
connected if there does not exist a separation of X.

Definition. A cover of a space X is a collection of subsets {U; : j € J} of X,
where J is some indexing set, such that X is in the union of all the sets U;. It is
called an open cover if U; is open for all j € J, and it is called a finite cover
if J is finite. A topological space X is compact if every open cover of X has a
finite subcover.

Definition. A topological space X is a Hausdorff space if, for every pair of
distinct points x and y in X, there exist open sets U; containing x and U, con-
taining y such that U; N Uy = 0.

Definition. An n-dimensional manifold or n-manifold is a Hausdorff space
in which each point has an open neighbourhood homeomorphic to an open subset
of R™. A compact connected 2-manifold is called a compact surface. Compact
surfaces which do not contain mobius strips are called compact orientable sur-
faces.

Theorem. The Classification Theorem of Surfaces.

If we denote the sphere S% by g, the torus T* by X1, the double torus by Xy and
the n-holed torus by ¥, then any compact orientable surface is homeomorphic to
precisely one of the surfaces ¥y, for a non-negative integer k.

We call k the surface’s genus. The proof of this theorem is in two parts: to
show that any compact orientable surface is homeomorphic to at least one of ¥,
and to show that two surfaces ¥, and ¥, for & # [ are not homeomorphic. We
shall not prove the former part — an outline of the proof can be found in [2] —
but we shall prove the latter part later on. The theorem is particularly useful
because, as we shall discover later, it is very easy to find the fundamental group
of ¥ for any k.



FIGURE 1

3. CREATING NEW SPACES

There are several ways of constructing topological spaces using what we know
about other spaces. This means that we can define a large number of complicated
spaces just using simple spaces, such as the plane R? for example. The first two of
these methods we will look at, the product topology and the subspace topology,
are quite intuitive. We will then look at the quotient topology, which will prove
very useful when we go on to find the fundamental groups of compact orientable
surfaces.

The Product Topology
Let X and Y be topological spaces. Let B be the collection of sets of the form
U x V where U is an open subset of X and V is an open subset of Y. Then we

claim that B is a basis for a topology on X x Y.
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The first condition for B to be a basis is trivial, since X x Y is itself a basis
element. Now, for basis elements U; x V; and Uy x V5,

(U x Vi) N (Us x Va) = (U N Us) x (Vi N VA).

The sets U; N Uy and Vi N V4 are open in X and Y respectively, so (U} x Vi) N
(U x V) is a basis element. Therefore the second condition holds.

The topology on X x Y generated by this basis is called the product topol-
ogy. An example of a space with the product topology is the torus 72, which
can be created by taking the product of two circles, St x S1.

The Subspace Topology

If X is a topological space with topology 7, and Y is a subset of X, then
Ty ={Y NU :U €T} is a topolgy on Y, called the subspace topology.

It is easy to see that 7y is a topology: it contains () and Y, since ) = Y N
and Y =Y N X, and it is closed under finite intersections and arbitrary unions,

since ﬁ . (é )

for some integer n and

for some indexing set J.

Note that if Y is open in X, then all open sets in Y are also open sets in X.
If 7 is defined in terms of a basis, then this lemma, proved in [4], can be used:

Lemma. If B is a basis for T on X, then By = {BNY : B € B} is a basis for
Ty onY.

The Quotient Topology

Imagine taking a length of wire and bending it round until the two ends meet
so that you get a circular ring. With one simple movement you have turned one
space into a completely different one. If we think of the wire as the closed interval
[0,1] and the ring as S*, then there is a function f : [0,1] — S! which defines
this change:

f(t) = (cos 2mt, sin 27t).
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For a slightly more complicated example, imagine taking a rectangular piece of
card and identifying two opposite edges. You get a cylindar. If you now identify
the other two edges you end up with a torus. Again we can define this creation
of a new space with a function. Let

X ={(u,v) eR*:0<u<1,0<v <1}
be a unit square and
Y = {(z,y,2) eR®: (2 + 97 —2)>+ 22 =1}
be a torus. Then we can define f: X — Y by

f(u,v) = ((cos2mu + 2) cos 27w, (cos 2mu + 2) sin 27w, sin 27u).

It is easy to imagine that we can define a topology for a new space Y in terms
of a topology for an original space X and a surjective function f: X — Y, and
indeed we can.

Definition. Let X and Y be topolgical spaces and let f : X — Y be a surjec-
tive map. The map f is said to be a quotient map provided a subset U of YV is
open in Y if and only if p~'(U) is open in X. There is exactly one topology on
Y relative to which f is a quotient map, and it is called the quotient topology
on Y determined by f.

To check this fits the definition of a topology, we can see that () and Y are open
since f~1(@) =0 and f~'(Y) = X, and for open sets U, of Y, we can see that

and
U
acJ

is open for some indexing set J since

YU =) 1 (U)

acJ aeJ
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We draw the fact that we wish to identify sides of a space with labeled arrows
as in Figure 2, which also shows some more examples. Notice that we do not
need to confine ourselves to spaces that we can visualise with pieces of wire and
card.

a
a
b b
a a
Torus Sphere
FIGURE 2

It is not obvious that the torus 72 created in this way is homeomorphic to
the product space S! x S*, especially as, if we call the torus with the quotient
topology X and the torus with the product topology Y, then X is a subspace of
R3 and Y is a subspace of R*. The function f : X — Y given by

f(u,v) = ((cos 2mu, sin 27wu), (cos 27mv, sin 27v))

is a homeomorphism; we will leave it to the reader to check this.
We can generalise the definition of the quotient topology as follows:

Let Y be a set, { X, : A € A} be an arbitrary family of topological spaces, and
{fn: XA, — Y : XA € A} be an arbitrary family of maps. Then a set U C Y is
open if and only if £, '(U) is open in X, for all A € A.

Using this generalisation we can see that it is possible to create a new topologi-
cal space not only by deforming existing ones but by ‘sticking’” two or more spaces
together. If each of the above maps f) : X, — Y is one-one and the images
(X)) are pairwise disjoint and cover Y, then we say that Y is the topological
sum of the collection of spaces X,.

Example. Consider the spaces in Figure 3. Identifying the sides labeled a, b, ¢

and d gives us two tori, each with an open disc removed. Taking the topological
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sum of the tori by identifying the sides labeled e gives us a double torus.

FIGURE 3

However, we can actually define the double torus in the quotient topology us-
ing a single polygon. Opening up the squares to give pentagons, and identifing
the sides e gives an octagon as in Figure 4.

FIGURE 4

Similar constructions show that an n-holed torus can be created from a 4n-
sided polygon, with the side identification labels being of the form

arbia; o7t . anbaa;tht
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4. HomoToPY

Homotopy is the concept of continuous transformations from one function to
another, and is main part of the construction of the fundamental group.

Definition. Consider two continuous maps f; and f5 from the space X to the
space Y such that, letting I equal the interval [0, 1], there is a continuous map
F: X xI—Y with F(z,0) = fi(z) and F(z,1) = fo(z), for all z in X. We
can think of I’ as a deformation of the map f; into the map f, as time goes from
0 to 1. If such a map exists, then we say that f; is homotopic to f5, written
f1 =~ f2, and that F' is a homotopy between them.

Example. Any two maps f; and f, from a space X to R? are homotopic. The
homotopy between them given by the equation

F(z,t) = (1 —t)fi(z) + tfa(2)
is called the straight line homotopy.

We can show that homotopy is an equivalence relation as follows.

Reflexive: It is trivial that f ~ f for all f. The required homotopy is the map
F(x,t) = f(x) for all t.

Symmetric: Let f; ~ f5, and let F' be a homotopy between them. Then
G(z,t) = F(x,1 —t) is a homotopy between fy and f;, and so fo >~ fi.
Transitive: Suppose f; ~ f; and fy ~ f3, and let F; and F, be a homotopy
between f; and fo and a homotopy between f; and f3 respectively. Define G :
X xI—Y by

Gl t) = Fy(x,2t) if t € [0, 5]
| Be(w,2t 1) ift e [3,1].

Since, when t = %,
Fl(l', Qt) = Fl(ZL', 1) = fQ(ZL‘) = FQ(I’,O) = Fg(l', 2t — ].),

the map G is well defined. It is continuous by the following lemma:

Lemma. The Pasting Lemma.
Let X = AUB where A and B are closedin X. Let f :A— Y andg: B —Y
be continuous. If f(x) = g(x) for all x € AN B, then the function h : X — 'Y

defined by
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_Jf(@) ifseA
h(x)_{g(x) ifseB

1S continuous.

The proof of this lemma is in [4]. This shows that G is a homotopy between f;
and f3, and so f; ~ f3.

Definition. A continuous map f : X — Y is called a homotopy equivalence
if there is a continuous map ¢g : ¥ — X such that g o f is homotopic to the
identity map ex of X and f o g is homotopic to the identity map ey of Y. The
map ¢ is called a homotopy inverse for f. If there is a homotopy equivalence
between two spaces, those spaces are said to be homotopically equivalent, or
of the same homotopy type.

Homeomorphic spaces are of the same homotopy type, but the converse is not
true.

Homotopy of Paths

Definition. Again let I = [0,1]. If f : I — X is a continuous map such
that f(0) = x¢ and f(1) = x1, we say f is a path in X from zg to z;. Two
such paths f; and f, are called path-homotopic if there is a continuous map
F: 1 xI— X such that

F(s,0) = fi(s), F(s,1) = fo(s) for all s € I,

F(0,t) = z9, F(1,t) = for all t € I;

that is, they are homotopic and they keep the same initial and final points
throughout the deformation. The map F is called a path-homotopy between
f1 and fy, and we write f; ~, f.

Like homotopy, path-homotopy is an equivalence relation; we leave it to the
reader to show this. We denote the path-homotopy equivalence class of a path f

by [f].

The path-homotopy classes satisfy properties that look very much like the
axioms for a group. Before we show this we need to define the concatenation
of two paths. If f is a path in X from x( to x; and ¢ is a path in X from x; to

X9, then the concatenation f % g of f and g is defined as the path h given by
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. 1
- {180 e
Since
F2- )= (1) = = g(0) =g(2- %~ 1)
the function A is well defined, and it is continuous by the Pasting Lemma.

We can also show that * is well defined on path-homotopy classes: let F' be
a path-homotopy between maps f; and f,; from xy to 7, and let G be a path-
homotopy between maps ¢, and g, from z; and 5. Define

F(2s,t if :
H(S,t): (Sa) 1 Se[?ag]
G(2s—1,t) ifse[5,1]
The function H is a path-homotopy between f; % g; and fy * go. Since F(1,t) =

x1 = G(0,t) for all ¢, the map H is well-defined, and it is continuous again by
the Pasting Lemma. We can therefore define

[f]* [g] = [f *g].

Theorem. The path-homotopy classes have the following group-like properties,
called the groupoid properties:

(1) Associativity.
If [f] = ([g] * [R]) is defined, then so is ([f] = [g]) * [h], and they are equal.

(2) Right and left identities.
Given v € X, let ¢, : I — X be the constant path taking all of I to the
point x. If f is a path in X from xq to x1, then

1 # few] = [f] and [exo] * [f] = [£].

(3) Inverses. B B
Given the path f in X from xo to 1, let f be the path f(s) = f(1 —s),
called the reverse of f. Then

[£] [f] = [cao] and [£]* [f] = lca,].

Proof.
12



(1) We need to show that f* (g h) o, (f*g)*h. The map f* (g=*h) takes
the point s to f(2s) for s in the interval [0, 5], takes s to g(4s — 2) for s
in [1,3], and takes s to h(4s—3) for s in [2,1]. The map (f * g) = h traces
out the same image but at a different rate. It takes s to f(4s) for s in
[0, 1], takes s to g(4s — 1) for s in [4, 3], and takes s to h(2s — 1) for s
in [£,1]. We can define a path homotopy F : I x I — X between these

maps by

f(2s(1+1)) if s € [0, 2]
F(s)=< g(4s +t—2) if s €[22, 3]
h((4—2t)s+2t—3) ifse [ 1]

We will leave it to the reader to check that F' is well defined and that it
satisfies the necessary conditions for it to be our required path homotopy.

(2) We need to show that f *c,, ~, f. The map f * ¢;, takes the interval
[0, %] onto the image of f and the interval [%, 1] onto the point z;, and so
we can define a path homotopy G : I x I — X from f x¢,, to f by

2 —t if s € [0, 1
Gls,py = 1709 s el 5
7 if s € [, 1].
Again, we will leave it to the reader to check that G is well defined and
is the desired path homotopy. We can similarly prove that c,, * f ~, f.

(3) We finally need to show that f* f ~, ¢,,. The map f * f takes the point
s to f(2s) for s in the interval [0, 3], and takes s to f(2(1 — s)) for s in
[%, 1]. The map ¢, takes the whole of I to f(0). Therefore we can define
a path homotopy H : I x I — X between the maps by

| f(2st) if s €0, ]
HQJ%‘{ﬂ%u—s» if se[11].

The reader can check that this is the required well defined path homotopy.
A similar argument shows that f * f ~, c,,.

U

These properties differ from the axioms for a group in that [f] * [g] is not de-

fined for every pair [f] and [g]. The concatenation [f] * [g] only makes sense if
f(1) = ¢(0). However, if we take a base point zy in the space X and consider
only those paths which are loops from xzy back to xy, then this condition will
always hold. Therefore these paths will form a group, and it is this that is the
fundamental group of X. We denote the fundamental group of X relative to
the base point xy by (X, zo).
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5. THE FUNDAMENTAL GROUP

We often talk about the fundamental group of a space without drawing at-
tention to the base point relative to which it has been calculated. The following
theorem shows how fundamental groups of a space relative to different base points
are related.

Theorem. Let X be a path connected space, that is, every pair of points in X can
be connected by a path in X. Given two points xq and x1 in X, the fundamental
group m (X, xo) is isomorphic to m (X, x1).

Proof. We define a map & : m (X, z9) — m (X, z1) by
a([f]) = [a] * [f] * [a]

where « is a path from xg to x1, and & is its reverse, as pictured in Figure 5. We
can now show that & is a group isomorphism:

It is a homomorphism since

X

FIGURE 5



and so

~

Similarly, (&([f])) = [f]. This shows that  is an inverse for &. Therefore @ is
an isomorphism. O

We call a path connected space X for which (X, z) is the trivial group for
some zy (and therefore all x € X)) simply connected. We can denote the fact
that (X, z9) is the trivial group by writing m (X, z) = e.

Example. We can show that the fundamental group of R” is trivial: if f: ] —
R"™ is a loop in R™ based at ¢, then the straight line homotopy

F(s,t) = tag + (1— 1) f(s)

is a path-homotopy between f and the constant loop c,,. More generally, if X is
any convex subset of R™, then the straight line homotopy will still work, as the
straight line segment between any two points in X is in X. Therefore, a convex
subspace of R" is simply connected.

Group Presentation

It is sometimes useful to express the fundamental group of a space using group
presentation. Consider a set S. A word in the elements of S is an expression
of the form

W =ai'zy ...k,
where x4, X9, ...,z are elements of S (allowing repeats) and ¢, = 1. We also
define the empty word as the word containing no symbols. If a word contains
xz~ ! or 27 x for some z € S, then it can be reduced by removing that pair of
elements from it.

Using juxtaposition of words as composition, and reducing the resulting words
if necessary, it turns out that the set GG of all reduced words in the elements of
S forms a group, with the empty word as the identity, called the free group
generated by S. For example, the free group on one generator {z} consists of
the elements

and is isomorphic to (Z,+).

Say we now wanted to write down the cyclic group (Z,,+) using generators.

This is also generated by the element x, but we need to express the fact that
15



2™ = 1. This is called a relation, and we can write the group as
(x ]2 =1).

Any group can be written in group presentation style as (G | R), where G is a
set of generators and R is a set of relations.

Example. The group (z,y | zyz~'y~! = 1) is isomorphic to (Z,+) x (Z,+),
more properly written as Z & Z. The generators x and y represent the elements
(1,0) and (0, 1) respectively, with the empty word representing (0, 0).

The Homomorphism Induced by h

Suppose a function h from a space X to a space Y is continuous, and that
h(zo) = yo, where xyp € X and yg € Y. We can write this as h : (X, z9) —
(Y,yo). If f : I — X isaloopin X based at zg, then hof : I — Y isaloopinV
based at yo. We can therefore define a homomorphism h, : w1 (X, zo) — 71 (Y, yo)

by
ho([f]) = [l o f].

This is called the homomorphism induced by h. It is well defined since if
f1 and fy are path homotopic, and F': I x [ — X is a path homotopy between
them, then h o F'is a path homotopy between the loops h o f; and h o fs.

To check h, is a homomorphism, we need to show that

ha([f] [9]) = ([ f1) * Ru([9))-
This is easy. By definition,

f(2s) if s €0, 3]
9(23_1) if s € [%71]7

(f*9)(s) = {

and so

<ho<f*g>><s>:h«f*g)(s)):{Zggj)ﬂ 0 e

But this also equals ((ho f)* (hog))(s). Therefore
[ho(frg)l=I[(hof)x(hog)l=I[(hof)]+[(hog)],

and so

ha([f] % [9]) = ha([£1) % h([g])-
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Theorem. The induced homomorphism has the following properties, called the
functorial properties.

(1) If h : (X, 29) — (Y,90) and k : (Y,y0) — (Z, 20), then (koh), = k,oh,.

(2) If e : (X,x9) — (X, mo) is the identity map, then e, : m(X,z9) —
m (X, xo) is the identity homomorphism.

Proof. By definition,
(ko h)«([f]) =[(koh)o f]

and

(ke 0 B )([f]) = ki(ha([f])) = ki([h o f]) = [k o (ho f)],
and so (ko h), = k. o h,.

Also, e.([f]) =[io f] = [f]. -

From these properties, we can prove a very important result. If i : (X, z9) —
(Y, yo) is @ homeomorphism of X with Y, and k : (Y, yy) — (X, x¢) is its inverse,
then k, o h, = (ko h), = (ex)s, where ey is the identity map of (X, z), and
hi ok, = (hok). = (ey)., where ey is the identity map of (Y, o). Since (ex).
and (ey ), are the identity homomorphisms of m (X, z¢) and m (Y, yo) respectively,
k, is the inverse of h,. Therefore h, is an isomorphism of 71 (X, zo) with 7 (Y, yo).

This shows that homeomorphic topological spaces have isomorphic fundamen-
tal groups. It is also possible to show that homotopically equivalent spaces have
isomorphic fundamental groups, though the proof of this is much more compli-
cated. See [4].

6. CALCULATING THE FUNDAMENTAL GROUP

We can now begin calculating some fundamental groups. There are various
different methods. The first fundamental group we will find is that of the circle.
To do this, we need to introduce the concepts of covering spaces and liftings.

Covering Spaces, Liftings and the Fundamental Group of the Circle

Imagine a continuous surjective map p : £ — B such that for an open set U
of B, the preimage p~*(U) takes the form of a collection of disjoint open sets V,
in F, and the restriction of p to V,, is a homeomorphism of V,, onto U. The open
set U is said to be evenly covered by p. An easy to visualise example is shown

in Figure 6. Think of p~!(U) as a stack of pancakes, each having the same size
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and shape as U, with p squashing them all down onto U.

FIGURE 6

If every point in B has a neighbourhood U that is evenly covered by p, then p
is called a covering map, and B is called a covering space of F.

Example. We have seen that we can give S! the quotient topology determined
by the function f : [0,1] — S given by

f(x) = (cos 2wz, sin 27x),

so that for every open set U in S, the preimage f~!(U) is an open set in [0, 1],
starting at the point eg, say. If p : R — S is the extention of f to the whole of
the real line, then p~!(U) is a collection of open sets, starting at ey + n, for all
integers n. Therefore U is evenly covered by p, and so p is a covering map. We
can think of p as a function which wraps the real line around the circle, mapping
each interval [n,n+1] onto S*.

Now let p: E — B be a map and f : X — B be continuous. A lifting of f
isamap f: X — FE such that po f = f, as shown in Figure 7.
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FIGURE 7

The following two lemmas are proved in [4].

Lemma. The Path Lifting Lemma.
Let p : E — B be a covering map, and p(eg) = by. Any path f : I — B
beginning at by has a unique lifting to a path f in E beginning at eq.

Example. Let p: R — S! be the covering map p(z) = (cos 27, sin 27x).

The path f: I — S* given by f(s) = (cosms,sinms) lifts to f(s) = g

The path g : I — S* given by g(s) = (cos s, —sins) lifts to g(s) = _78
The path h : I — S given by f(s) = (cos4ms, sin4ms) lifts to h(s) = 2s.

The first of these examples is shown in Figure 8.

S R WG R — -
-1 0 1 2

8
|
e

FIGURE 8
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Lemma. The Homotopy Lifting Lemma.

If p: E — B s a covering map with p(ey) = by, and F : I x I — B is
continuous with F(0,0) = by, then there is a unique lifting of F' to a continuous
map F : I x I — E such that ﬁ’(0,0) = ey. If F is a path-homotopy between
paths fi and fs, then their liftings fi and f end at the same point of E, and are
path homotopic.

We can now calculate the fundamental group of the circle. Look at Figure 9.
The function f is a loop based at by, which is the point (1,0), and f is a lifting of
f to the real line. The function p is the covering map p(x) = (cos 27z, sin 27x).
The point f(1) is in the set {z : z = p~'(by)}, which equals the set of integers.
By the Homotopy Lifting Lemma, f (1) depends only on [f], so we can define
o :m (St by) — Z by

| | | L R
-1 0 1 2

a

|_| - b
I ¥ 0
FIGURE 9

We can show that ¢ is a homomorphism between 7 (S, by) and (Z, +):

Let f and g be two loops in S* based at by, with f and § their liftings to paths
in R beginning at 0. Let f(1) =n and g(1) = m. Define h: I — R by

B f(QS) if s e [07 %]
h(s) = {n—|—§(25 -1) ifse3,1]

Then h is a path on R beginning at 0. Now p(n + z) = p(z) for all z, so
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hiay - JPU(29)) = f(29) if s € [0, 3]

p(h(s)) = _ _ _ . |
p(n+g(2s —1)) =p(g(2s = 1)) = g(2s = 1) if s € [3,1].

Therefore po h = f * g, so h is the lifting of f % g beginning at 0. By definition,

o([f *g]) = k(1) = n+m, so o([f *g]) = ¢([f]) + ©(lg]). Therefore ¢ is a
homomorphism.

Also ¢ is bijective:

Say ¢([f]) = n = ¢([g]). Let f and § be the liftings of f and g to paths on
R beginning at 0 and ending at n. The real line is simply connected, so f and g
are path-homotopic. Let F be the path-homotopy between them. Then the map
F = po F is a path homotopy between f and g, and so [f] = [g]. Therefore ¢ is
one-one.

For any integer n, there exists a loop f in S ! based at by defined by f =po f
where f : I — Ris a path in R from 0 to n. By definition, ¢([f]) = n. Therefore
® is onto.

We have now done all the work necessary to calculate the fundamental group
of the circle, for ¢ is a bijective homomorphism, and therefore an isomorphism.
This shows that (S, by) is isomorphic to (Z, +), and so the fundamental group
of S! is infinite cyclic. Written in group presentation style,

m (S, bo) = (a),
where a if the homotopy class of the loop f : I — St given by

f(s) = (cos2ms, sin 27s).

The Fundamental Group of a Product Space

Theorem. The fundamental group m (X XY, (zo,y0)) is isomorphic to m (X, xq) ¥
1 (Ya 3/0) :

Proof. Let p: X XY — X and g : X XY — Y be the projection mappings, and
ps t (X XY, (0,90)) — m(X,20) and g, : m(X X Y, (w0, %)) — m1(Y, o)
be their induced homomorphisms. From group theory, if h : € — A and
k : C — B are group homomorphisms, then ® : C' — A x B given by

®(c) = (h(c), k(c))
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is also a group homomorphism, so we can define a homomorphism ¢ : m (X X
Y7 (an yO)) - ﬂ-l(Xa "L‘O) X ﬂ-l(Yv yO) by

O([f1) = (111, ¢-([S1) = ([po fl, g o f1)-

We can show that @ is bijective:

Let f: I — X xY be aloop in X xY based at (¢, yo) such that po f >, ¢,
and g o f ~, ¢,,, where ¢, is the trivial loop in X based at zy and ¢, is the
trivial loop in Y based at yg. Let G: [ x I — X and H : [ x I — Y be the
respective path-homotopies. Then F': I x [ — X X Y defined by

Fls,t) = (G(s,1), H(s,1))

is a path-homotopy between f and the trivial loop in X x Y based at (zo,yo).
Therefore the kernel of ® is trivial, and so ® is one-one.

Let g : I — X be a loop in X based at xg and h: I — Y be a loop in Y
based at yo. Define f: I — X x Y by f(s) = (g(s),h(s)), so f is a loop in
X xY based at (z9,0). Now @([f]) = ([pe f],[go f]) = (lg], [1]), and so ([g], [])

is in the image of ®, showing that & is onto.

Therefore ® is an isomorphism between 71 (X x Y, (29, y0)) and m (X, zg) X
1 (Ya 3/0) O

Example. The Torus.
We can use this method to calculate the fundamental group of the torus T? =
St x St We know that (S, zp) is isomorphic to (Z,+). Therefore

7Tl(T27 (.1'0, 3/0)) = 71-1(517 .%'0) X 71-1(517 3/0) =Z® Za
so the fundamental group of the torus is the abelian group with two generators:
{a,b|aba bt =1).

We can generalise this argument to show that the fundamental group of the n-
dimensional torus 7" = S* x ... x St is isomorphic to Z & ... ® Z.

Retraction and the Fundamental Group of the Punctured Plane

Let A be a subspace of a topological space X. We say that A is a retract of
X if there is a continuous map r : X — A such that r(a) = a for all a € A. We
call r a retraction of X onto A.
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If there is a continuous map H : X x I — X such that
H(z,0) =z for all z € X,
H(z,1) € Aforall x € X,
H(a,t) =aforallaec Aand t eI,
then H is called a strong deformation retraction. See Figure 10. At the

end of the deformation described by a strong deformation retraction, we have a
retraction of X onto A, mapping z into H(x,1).

=

FIGURE 10

Example. The map H : (R? — 0) x I — (R? — 0) defined by
T
H(z,t)=t-—+(1—-t)z
o

is a strong deformation retraction of R? — 0 onto S*.

We can show that if A is a strong deformation retract of X, then A is ho-
motopically equivalent to X. Let 7 : A — X be the inclusion map, let
H : X x I — X be the strong deformation retraction and let r : X — A
be defined by r(x) = H(z,1). Then r o j equals the identity map of A, and jor
is, by the definition of a strong deformation retraction, homotopic to the identity
map of X. Therefore j is a homotopy inverse of . We can see from this that A
and X have isomorphic fundamental groups.

Using retraction mappings, it is very easy to calculate the fundamental group
of R?2 — 0. We know that there is a strong deformation retraction of R* — 0
onto S, and we have calculated the fundamental group of S!: it is infinite cylic.
Therefore the fundamental group of the punctured plane is infinite cyclic.
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7. SEIFERT AND VAN KAMPEN’S THEOREM

Another method for calculating fundamental groups is this theorem, which H
Seifert and E Van Kampen proved independently in the early 1930s. It can be
especially useful for finding the fundamental group of a space with the quotient
topology.

Theorem. Seifert and Van Kampen’s Theorem.
Suppose a topological space X equals AU B, where A, B and AN B are open
and AN B is path connected. Leti: ANB — A and j : AN B — B be the

inclusion maps, and let xo € AN B. If

m(A, o) = {(ar,...,an |11 = ... =1y =1),
m(B,xo) = (by,...,b | s1=...= s, = 1),
m(ANB,zg) =(c1,...,¢q | t1i=...=t, =1),
then
m (X, xo) = (a1,...,ap,b1,....0 |11 =...="Tp =8 =... =5, =
() = . = iu(ein(e) ™ = 1)

The proof, which is quite long, can be found in [2]. Let us look at some exam-
ples.

Example. The Sphere.

Let X be the sphere S?, let A be the same sphere but punctured at a point z,
and let B be an open disc on the surface of the sphere about ;. Then X = AUB,
and A and B are open. The intersect AN B equals B — {x;}, which is open and
path connected. The punctured sphere is homeomorphic to an open disc, and so
A and B are both simply connected. The intersect A N B is a punctured disc,
which is homotopically equivalent to S'. We now have, for o € AN B,

7T1(A7 .I'()) = 71-l(Ba .I'()) =€,

m (AN B, zg) = (a).

Ifi: ANB — Aand j : AN B — B are the inclusion maps, then as both
A and B are simply connected, both i, and j, are trivial. Therefore, by Seifert
and Van Kampen’s Theorem, the fundamental group of X is trivial, and so the
sphere is simply connected.
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Example. The Figure Eight.

Look at Figure 11. The space X is the union of the open spaces A and B,
and the intersect A N B is open and path connected. The spaces A and B are
homotopically equivalent to circles S, and ANB is a cross, which is homotopically
equivalent to a point. Therefore, for o € AN B,

m(A, 7o) = (a),
™ (B, x9) = (b),
m (AN B,xy) = e.

Cx >0

FIGURE 11

Ifi: ANB — Aandj: ANB — B are the inclusion maps, then both i, and
j« are trivial. Therefore, the fundamental group of X is given by

™ (X, zo) = (a, b).

We could add another loop C' to X meeting at the same point to make a three-
leaved clover shape Y. The intersect X N C' would be trivial again, and so the
fundamental group of Y would be the free group on three generators. Similarly, a
union of n loops all meeting at the same point has the free group on n generators
as its fundamental group.

Example. The Torus.

Let X be the torus T2 with the quotient topology. Let A = X — {z;} where
is a point, and let B be an open disc about ;. Then X = AU B. The intersect
AN B equals B — {1}, which is path connected, and A, B and AN B are all

open. All of these spaces are shown in Figure 12. The space A is homotopically
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equivalent to just the frame of A, which is homeomorphic to a figure eight. The
space B is simply connected, and A N B is homotopically equivalent to S!. We
now have, for xrg € AN B,

m (A, xg) = (a,b),
m (B, ) =e
m (AN B, zg) = (c).

Ifi:ANB — Aand j: AN B — B are the inclusion maps, then
i.(c) = aba'b7?,
jule) = 1.
Therefore, the fundamental group of the torus is given by
(X, z0) = (a,b | aba'b = 1).

In other words, it is the abelian group with two generators, which is the same
answer as when we calculated it using the product topology.

We can calculate the fundamental group of any topolgical space defined with
the quotient topology using the same method as above. For example, the funda-
mental group of the space X in Figure 13 is given by

m1(X,z0) = (a,b | a tabb tab = 1)
={(a,b|ab=1)
= (a).

We know that an n-holed torus can be made from a 4n-sided polygon with side
identification labels of the form

~13-1 ~1p-1
arbia; by .. Lanbya, b,

and so we can now write down the fundamental groups of all the surfaces ¥, as
defined in the Classification Theorem of Surfaces:

m1(Zo, 20) = €,
71(31, 20) = {a,b | aba"'b"! = 1),

71 (X0, o) = (a1, b1, ..., an, by | arbra; byt .. apbya bt = 1) forn > 1.
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FIGURE 12

Theorem. The fundamental groups of the surfaces Xy and X; are not isomorphic

for k #1.
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FIGURE 13

Proof. If G is a group, then G abelianized is G with the added relations zy = yx
for all x,y € G. We write G abelianized as AG. If we abelianize the fundamental
groups of X, we get
Aﬂ'l(EQ,l’()) =€,
A (31, 20) = {a,b | aba 'b"! = 1),

Aﬂ-l(znwr()) - <a'1ab17 cee aa’nabn |

arbia; o7t anbea bt =1L oyr Tyt = 1) forn > 1,
for all x,y € ay,bq,...,a,,b,. The relation
arbia; ot anbyatht =1

in the third group is just a consequence of the relation zyz~'y~! = 1, and so we
can rewrite the group as

Aﬂ-l(En"'L‘O) = <a17b1a coey G, bn | :L‘yx_ly_l = 1>

This shows that the abelianized fundamental group of ¥, is the abelian group
on 2n generators, which is isomorphic to Z?", for all non-negative integer n. The
group Z' is not isomorphic to the group Z’ for i # j, and so the abelianized
fundamental groups are not isomorphic. Therefore the fundamental groups of >,
are not isomorphic. ([l

This proves that ¥, is not homeomorphic to ¥; for k # [, which is the part of
the Classification Theorem of Surfaces that we said we would prove. Furthermore,
we now know that the fundamental group of any compact orientable surface €,
of genus n is given by:

T1(Q0,20) = €,
71 (Q, 20) = {a,b | aba o' = 1),

71 (Qn, w0) = (a1, b1, ..., an, by | arbra; byt .. apbya, 't = 1) forn > 1.
28



8. THE FUNDAMENTAL THEOREM OF ALGEBRA

We shall finish with an application of the fundamental group. We all know
that a polynomial equation of degree n has n complex roots, but proving this is
suprisingly difficult when only using algebra. The hardest part is showing that a
polynomial has at least one root — the Fundamental Theorem of Algebra — but
Algebraic Topology can be used to prove this relatively quickly.

Theorem. A polynomial equation

Tp+ Gp1x™ V. ar4ag=0 (1)

of degree n > 0 (with real or complex coefficients) has at least one (real or com-
plez) root.

Proof. The theorem will be proved in several stages.
Step 1:

Consider the unit circle on the complex plane. Let ¢ : I — S! be the loop
©(s) = (cos2ms, sin 27s) = e*™%.

Under the isomorphism of 7 (S, by) with Z, this loop corresponds to the integer 1.

Now consider the map h : S* — S! given by
h(z) = 2".
The loop ¢ = hoy : I — St is given by
P(s) = h(p(s)) = (¥™)™ = *™"% = (cos 2mns, sin 27ns).

This lifts to the path 1;(5) = ns in the covering space R, so the loop corresponds
to the integer n under the isomorphism of m (S, by) with Z. Therefore, the
induced homomorphism h, : m(St,by) — m(S?,by) takes a generator of the
infinite cyclic group to n times itself.

Step 2:

We will now show that if a function k : S' — Y is homotopic to a constant
map (we say k is inessential), then £k, is the trivial homomorphism.
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Let P : S' x I — B?, where B? is the closed unit ball on R?, be defined by
P(x,t) = (1 —1t)z.

Then P takes S' x [0, 1) bijectively onto B? — 0, and maps S' x {1} to the point
0. Suppose K : S' x I — Y is a homotopy between k& and the constant map ¢
which takes the whole of S* to o € Y. As K is constant on the set S* x {1}, we
can define a map g : B2 — Y such that go P = K, as shown in Figure 14. The
map ¢ is an extension of k, for if x € S*, then

g(x) = g(P(x,0)) = K(x,0) = k(z).

~
/

Stx T

FIGURE 14

Now let j : S* — B2 be the inclusion map. Then go j = k. By the functorial
properties of the induced homomorphisms, k, = g, o j,. But the range of j, is
the fundamental group of B2, which is the trivial group since B? is a convex
subset of R2. Therefore, j, is the trivial homomorphism, and so k, is the trivial
homomorphism.
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Step 3:

We will now show that the equation
2t g2zt ag =0
with
lan—1| + ...+ ]a1] + ]ao| <1
has a root lying in the closed unit ball B2.

Assume for a contradiction that the equation has no root in B?. Then we can
define a map g : B> — R? — 0 by

g(2) = 2"+ an_12" .. Farz+ao.

Let f : S' — R2-0 be the restriction of g to S*, and define F : S'xI — R?—0
by

Fi(z,t) = g(tz).
Then Fj is a homotopy between a constant map and f. Since by our assumption
g(z) # 0 for all z € B?, Fy never vanishes.

Now define F, : S x I — R? — 0 by
Fo(z,t) = 2"+ () (an_12"t + ...+ a1z + ap).
This is a homotopy between the map k : S — R? — 0 defined by
k(z)=2"

and f, and it never vanishes because

|Fy(z, )] > 2" — }t(an,lz”_l + .. taz+ ao)’
>1—t(|an12" '+ ...+ |arz] + |ao))
=1—t(Jan| + ...+ |as| + Jaol)
> 0.

Now if h: ST — St is given by h(z) = 2" asin Step 1, and j : S* — R? -0
is the inclusion map, then k£ = j o h, and k, = h, o h, by the functorial proper-
ties. Since h, is “multiplication by n” and j. is an isomorphism, k, is not the
trivial homomorphism, and so £ is not homotopic to a constant map, by Step 2.
However, this contradicts the fact that f, which is homotopic to k, 7s homotopic
to a constant map. Therefore the equation has a root in B2.

Step 4:
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Given Equation (1),

T4 ap 2" 4 a4 ag =0,
substitute x = cy, where c is a real positive number. We get
(cy)" + an_1(cy)” ' + ... +ai(cy) +ao = 0.
Dividing through by c" gives us

Ap-1 a a
Lyl oy 22— (2)

n
Yy + cn—1 cn
If we choose ¢ large enough, we can ensure that

ai

Cn—l

(p—1

+ ...+

a
+)—°’ <1
C ch

So, by Step 3, Equation (2) has at least one root, say y = yo. But if yg is a root
of Equation (2), then zy = cyp is a root of Equation (1). Therefore our original
equation has at least one root. 0
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